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Abstract
Searching for non-Hermitian (parity-time)PT -symmetric Hamiltonians [1] with real spectra
has been acquiring much interest for fourteen years. In this article, we have introduced a PT
symmetric non-Hermitian Hamiltonian model which is given as Hˆ = ω(bˆ†bˆ+ 1
2
)+α(bˆ2−(bˆ†)2)
where ω and α are real constants, bˆ and bˆ† are first order differential operators. Moreover,
Pseudo-Hermiticity that is a generalization of PT symmetry has been attracting a growing
interest [2]. Because the HamiltonianH is pseudo-Hermitian, we have obtained the Hermitian
equivalent of H which is in Sturm- Liouville form leads to exactly solvable potential models
which are effective screened potential and hyperbolic Rosen-Morse II potential. H is called
pseudo-Hermitian, if there exists a Hermitian and invertible operator η satisfying H† =
ηHη−1. For the Hermitian Hamiltonian h, one can write h = ρHρ−1 where ρ = √η is
unitary. Using this ρ we have obtained a physical Hamiltonian h for each case. Then, the
Schro¨dinger equation is solved exactly using Shape Invariance method of Supersymmetric
Quantum Mechanics [3]. Mapping function ρ is obtained for each potential case.
1 Introduction
There is growing interest in the study of non-Hermitian Hamiltonian operators [1, 2, 4, 5, 6]
particularly those which possess PT symmetry. Ten years ago, pseudo-Hermiticity concept
is introduced in a parallel development [2]. A Hermitian operator η and a pseudo-Hermitian
Hamiltonian H satisfy H† = ηHη−1. We note that η corresponds to PC in the case of PT
symmetric Hamiltonians. It is also shown that a Hamiltonian is equivalent to a Hermitian
Hamiltonian h under a similarity transformation H = ρ−1hρ [2]. In this paper we wish to
explore a pseudo-Hermitian Hamiltonian which is introduced by us and which is a special form
of the Swanson Hamiltonian in [7] and also in [8, 9], a PT symmetric non-Hermitian model with
two parameters,
Hˆ = ω(bˆ†bˆ+ 1
2
) + α(bˆ2 − (bˆ†)2) (1)
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where bˆ, bˆ† are bosonic annihilation and creation operators, ω,α are real constants and † is
Hermitian adjoint, bˆ is the annihilation operator given in a general form bˆ = A(x) ddx +B(x) and
A(x), B(x) are real functions. In terms of differential operators, our Hamiltonian operator is
written as
Hˆ = −ωA(x)2 d
2
dx2
+ (4αA(x)B(x) − 2ωA(x)A(x)′ ) d
dx
−(ω − 2α)A(x)B(x)′ − (ω − 2α)A(x)′B(x) + ωB(x)2 − α(A(x)A(x)′′ + (A(x)′)2) + ω
2
.
(2)
We may write the eigenvalue equation as Hˆψ = εψ and here, the pseudo-Hermitian Hamiltonian
H can be mapped into a Hermitian operator form by using a mapping function ρ where ρ(x) =
e
− 2α
ω
∫ x dyB(y)
A(y) . Here we note that hψ = εψ, ψ = ρ−1ξ. So we can introduce operator h which is
Hermitian equivalent of H as
h = −ω d
dx
A(x)2
d
dx
+ Ueff (x) (3)
Ueff (x) =
ω
2
− ω(A(x)B(x))′ − α
(
(A
′
(x))2 +A(x)A
′′
(x)
)
+ (ω +
4α2
ω
)B2(x) (4)
where the primes denote the derivatives. Then (3) can be mapped into a Schro¨dinger-like form
by using ξ(x) = 1A(x)Φ(x) which leads to −Φ
′′
+ U¯eff (x)Φ =
ε
ωA2(x)
Φ. Hence, U¯eff (x) becomes
U¯eff (x) =
A
′′
(x) + 1/2 − (A(x)B(x))′
A(x)
− α
ω
(A
′
(x))2 +A
′′
(x)
A(x)
+
ω2 + 4α
ω2
B2(x)
A2(x)
. (5)
Let us take the mapping ξ(x) = e
∫
dx 4αB(x)−ωA(x)
′
)
2ωA(x) χ(x), then eigenvalue equation for (3) becomes
−ωA(x)2χ(x)′′ − ωA(x)A(x)′χ(x)′ + [ω
2
− (ω + 2α)(A(x)B(x))′ + (ω + 8α
2
ω
)B2(x)+
ω/2 + (ω/4− α)(A(x)′ )2 + (ω/2− α)A(x)A′′(x)]χ(x) = εχ(x).
(6)
If we use y =
∫ x dx
A(x) in (6), we obtain
−ωd
2χ
dy2
+ [
ω
2
− (ω + 2α)(A(x)B(x))′ + (ω + 8α
2
ω
)B2(x) + ω/2 + (ω/4− α)(A(x)′ )2+
(ω/2− α)A(x)A′′(x)]x→yχ(y) = εχ(y)
(7)
2
2 Rosen-Morse II potential
Let us choose A(x) and B(x) in these forms: A(x) = a cos hµx, B(x) = −β1A(x). These
choices lead to
U¯eff (x)− ε
ωA2(x)
=
(
(ω − 2ǫ)
a2ω
− (2ω − α)µ
2
ω
)
sech2(µx)+2β1µ tanh(µx)+
2ω(ω − α)µ2 + 4α2β21
ω2
.
(8)
The eigenvalue equation becomes
Φ
′′
(x) +
(
ε
ωA2(x)
− U¯eff (x)
)
Φ(x) = EΦ(x) (9)
where E = 2(ω2µ2 + 2α2β21)/ω
2. If we put the super-potential W (x) in the form of W (x) =
A + B tanh(µx), then we have the ground-state wave-function Φ0)(x) = e
−Ax(cosh(µx))−B/µ
where B > 0 and |A| < B because of the boundary conditions x → ±∞, Φ0(x) → 0. Now we
can give the partner potentials V−(x) and V+(x) as
V−(x) = A2 +B2 + 2β1µ tanh(µx)−B(B + µ) sech2(µx) = U¯eff (x)− ε
ωA2(x)
− E0(10)
V+(x) = A
2 +B2 + 2β1µ tanh(µx)−B(B − µ) sech2(µx) (11)
and we match (8) and (10), then we have
2AB = 2β1µ (12)
B = −µ
2
+
1
2
√
ω
√
8ǫ− 4ω + a2µ2(9ω − 4α) (13)
E0 = −
(
B2 +
(
β1µ
B
)2)
. (14)
Shape invariance relationship between the partner potentials is known as V+(x, a0) = V−(x, a1)+
R(a1) where R(a1) is the reminder independent of x and a0 = B, a1 = B−µ.Because the energy
spectrum is given by E−0 = 0, E
−
n =
∑n
k=1R(ak), we can obtain the spectrum of (8) as
E−n = −
(
β1µ
B − nµ
)2
− (B − nµ)2 − 2αµ
2
ω
, n = 0, 1, 2, ... (15)
To find corresponding eigenfunctions of the system, we will use E−n in eigenvalue equation (9)
then we obtain un-normalized Φn,
Φn(x) = Bn(1 + tanh(µx))
−r(1− tanh(µx))−sP (−2r,2s)n (− tanh(µx)) (16)
whereBn is the normalization constant, r =
1
2 (n+ν− β1µ 1n+ν ), s = 12(n+ν+ β1µ 1n+ν ), ν = B/µ and
P
(−2r,2s)
n (− tanh(µx)) stands for Jacobi polynomials. For the normalizability, we may give the
ρ = e
2αβ1x
ω used in Hermitian inner product ≪ Φ|Φ ≫=< Φ|ρ2Φ >. The boundary conditions
require r > 0, s > 0.
3
3 Effective Screened potential
Now we can choose A(x) and B(x) in these forms: A(x) = ae−δx+τ − q, B(x) = −bA(x).
These choices lead to
U¯eff (x)− ε
ωA2(x)
= −2bδ+b2ω
2 + 4α2
ω2
− aαδ
2
ω
e−δx+τ
ae−δx+τ − q +
(
2a2δ2 − a2αδ
2
ω
)
e−2δx+2τ
(ae−δx+τ − q)2
(17)
where we use ω = ǫ/2 and aδ2b = q parameter restrictions. If we give the super-potential W (x) =
A+B e
−δx+τ
e−δx+τ−q , then we have the ground-state function in the form of Φ0(x) = e
−(A+B/a)x(−aeτ+
eδxq). The boundary conditions require (A + B/a) > 0. If we consider the partner potentials
V∓(x) for this case,
V∓(x) = A2 + (B2 ∓ aδB) e
−2δx+2τ
(ae−δx+τ − q)2 +B(2A± δ)
e−δx+τ
ae−δx+τ − q (18)
then we have,
B =
aδ
2
+
aδ
2
√
9− 4α
ω
(19)
A = −δ
2
− αδ
ω
(
1 +
√
9− 4αω
) (20)
E0 = −A2, E = 2bδ − b2ω
2 + 4α2
ω2
. (21)
It is noted that (a0, b0) = (A,B) and (a1, b1) = (A − α,B + δa). Then, we have obtained the
energy spectrum as
E−n = −

δ
√
9− 4α
ω
+
αδ/ω
n+ 12 +
1
2
√
9− 4αω
− δ
(
n+
1
2
+
1
2
√
9− 4α
ω
)
2
, n = 0, 1, 2, ...
(22)
Following the same procedure shown in the last section, the corresponding wave-functions are
obtained as
Φn(x) = Bns
E(−q + as) q+
√
q2−4γ
2a P
(2E,
√
q2−4γ
a
)
n (−q + 2as) (23)
where Bn is the normalization constant and s = e
−δx+τ . The mapping function ρ = e
2αbx
ω can
be given for this case.
4
4 Conclusions
We have found real energy spectrum and corresponding eigenfunctions of a non-Hermitian,
parity-time-symmetric Hamiltonian. We have generated two specific potentials, hyperbolic
Rosen Morse and effective screened potentials namely, we have seen that real energy is guaran-
teed if inside of the square root is positive in (13) that leads to restrictions as −
√
8ǫ−4ω
a2(4α−9ω) <
µ <
√
8ǫ−4ω
a2(4α−9ω) . We have derived effective screened potential under parameter restrictions,
real spectrum is guaranteed if 9ω − 4α > 0. Shape invariance technique is applied to obtain
the solutions, the mapping functions that transforms non-Hermitian operator into a Hermitian
operator are written for each case. In figure 1, for the first potential example, it is shown that
when µ gets smaller, singularity appears for the large n quantum numbers which means small
values of µ leads to an approach to a classical system.
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